Abstract. Let S be a smooth complex projective surface equipped with a Poisson structure s and also a polarization H. The moduli space MH (S, P ) of stable sheaves on S having a fixed Hilbert polynomial P of degree one has a natural Poisson structure given by s [Ty], [Bo2] . We prove that the symplectic leaves of MH (S, P ) are the fibers of the natural map from it to the symmetric power of the effective divisor on S given by the singular locus of s.
Introduction
Let S be a smooth complex projective surface with a polarization H. We consider pairs of the form (C, L), where C is a closed curve on S representing a fixed class C = [C] in the Néron-Severi group NS(S) (divisors on S modulo algebraic equivalence), and L is a line bundle on C of fixed degree d. More generally, fixing a Hilbert polynomial P (t) = p 1 t + p 0 = C · Ht + (d + 1 − g(C)) of degree one, consider the corresponding moduli space M H (S, P ) parametrizing all H-stable sheaves on S with Hilbert polynomial P . The pairs of the above type are points of such a moduli space M H (S, P ).
Let −K S denote the anti-canonical line bundle of S. Assume that S is equipped with a nonzero holomorphic section s of −K S . This section s produces a homomorphism T * S −→ T S that sends any w ∈ T * x S, x ∈ S, to the element of T x S obtained by contracting s(x) by w. This homomorphism is an isomorphism outside the effective divisor on S given by the section s. Moreover, the above homomorphism T * S −→ T S defines a holomorphic Poisson structure on S whose singular locus coincides with the divisor given by s.
A special class of above pairs (S, s) consists of those where S is an abelian or K3 surface and s is given by a trivialization of K S = O S . For these pairs the section s is in fact a symplectic structure on S. In this case, Mukai showed that s produces a holomorphic symplectic structure on M H (S, P ) [Mu] , meaning a holomorphic closed 2-form on M H (S, P ) which is fiberwise nondegenerate.
Tyurin in [Ty] generalized the above mentioned result of Mukai to the general Poisson surface (S, s). More precisely, he proved that s produces a homomorphism
For σ in (1.1), Bottacin proved that the the Schouten-Nijenhuis bracket [σ, σ] vanishes identically [Bo2] . In other words, the pairing on locally defined holomorphic functions of M H (S, P ) defined by (f, g) −→ {f, g} := σ(df, dg) satisfies the following conditions:
• {f, g} = −{g, f }, • {f, gh} = h · {f, g} + g · {f, h}, and • {{f, g}, h} + {{h, f }, g} + {{g, h}, f } = 0. Therefore, σ defines a holomorphic Poisson structure on M H (S, P ).
A symplectic leaf in a Poisson manifold is a maximal sub-scheme such that the Poisson structure restricts to a symplectic structure.
Let U ⊂ M H (S, P ) be the open subset corresponding to sheaves E of the form E = i * L where i : C ֒→ S is a smooth curve and L is a line bundle on C, and such that the intersection Z = C ∩ D is zero dimensional. We define a morphism ϕ 0 from U to the symmetric product of D, sending E to Z ⊂ D. The main result of this article is to show that the fibers of the morphism ϕ 0 are symplectic leaves (Theorem 5.1).
A fibration associated to the moduli space
We continue with the notation of Section 1. The surface S is equipped with a nonzero holomorphic section s of −K S . Let D be the effective divisor on S on which the section s vanishes.
Let E be a sheaf corresponding to a point in the moduli space M H (S, P ). This sheaf is of pure dimension one, because it is stable. The 0-th Fitting ideal sheaf
of E defines a sub-scheme F (E) ⊂ S. It should be mentioned that when i : C ֒→ S is a smooth curve, and L is line bundle on C, then F (i * L) = C. Note that Fitt 0 (E) ⊂ Ann(E) (the annihilator of E), but in general this inclusion is not an isomorphism. Therefore, we have
but in general this inclusion is not an isomorphism. For instance, if we take the n-th direct sum then we have F ((i * L) ⊕n ) = nC which is the n-th thickening of C,
Note that we have a disjoint union
where M H (S, C, P ) is the moduli space of stable sheaves E on S with Hilbert polynomial P and [F (E)] = C ∈ NS(S). Let E be a sheaf corresponding to a point in the moduli space M H (S, P ). Then F (E) ⊂ S is a curve whose image in the first Chow group A 1 (S) = Pic(S) coincides with the first Chern class c 1 (E). Therefore, the moduli space M H (S, C, P ) parametrizes all the sheaves E of M H (S, P ) with [c 1 (E)] = C ∈ NS(S).
Fix a class C ∈ NS(S) with C · H = p 1 . Set
In other words, E is of the form i * L where i : C ֒→ S is a smooth curve, and L is a line bundle on the smooth curve C (and C ∩ D is zero-dimensional). Let
denote the restriction of ϕ to M ′ H (S, C, P ) 0 . We shall prove that the fibers of the above morphism ϕ 0 are the symplectic leaves of the Poisson variety (M ′ H (S, C, P ) 0 , σ).
The set-up
Let S be a smooth complex projective surface. Fix a polarization H on S, meaning the class of a very ample line bundle on S. The canonical line bundle of S will be denoted by K S . We assume that −K S = K * S is nontrivial admitting nonzero sections. Fix a nonzero section
and let D = div(s) be the corresponding anticanonical divisor. Note that D is nonzero because K S is not trivial. The section s endows S with a Poisson structure, which is degenerate exactly on the divisor D. Let P = P (t) = p 1 t + p 0 be a polynomial of degree one with integer coefficients, and let C ∈ NS(S) be a class with C · H = p 1 . Let
be the moduli space of H-stable sheaves E on S such that
• the Hilbert polynomial of E is P , and • [F (E)] = C ∈ NS(S). In particular, these sheaves are pure of dimension one (the degree of the polynomial P ). In this article we will consider the Poisson structure constructed by Tyurin and Bottacin, [Ty] , [Bo2] , on this moduli space M .
The above moduli space M = M H (S, C, P ) is a particular case of the moduli space constructed by Simpson [Si] . We remark that Mukai and Tyurin used the moduli space of simple sheaves (see [AK] for simple sheaves) but, since stable sheaves are simple, the constructions of Mukai and Tyurin also work for the moduli space of stable sheaves. It should be mentioned that Mukai and Tyurin also consider sheaves of pure dimension one [Ty, Chapter 2, Section 1].
More concretely, if i : C ֒→ S is a smooth curve in S, and L is a line bundle of degree d on C, we consider the direct image
which is in fact a torsion sheaf on S supported on C. We are interested in a moduli space for objects like this, so we fix P to be the Hilbert polynomial of E. This moduli space will parametrize objects (C, L) where both the line bundle L and the support C move.
Bottacin, [Bo1] , and Markman, [Ma] , have considered Poisson structure on the moduli space of Higgs pairs on a smooth complex projective curve X. These objects are pairs of the form (F, θ) , where F is a vector bundle on X and
is a homomorphism with Z ⊂ X being an effective divisor. Let V(K X (Z)) denote the smooth quasiprojective surface given by the total space of the line bundle K X ⊗ O X (Z) over X. The spectral construction gives an equivalence between semistable Higgs pairs and semistable sheaves of pure dimension one on V(K X (Z)), so their setup constitutes a special case of the set-up considered above. It should be mentioned that using the deformation to the normal cone as done in [DEL] , our moduli space deforms to the moduli space of Higgs pairs.
Let E be a sheaf on S corresponding to a point in the moduli space M . Yoneda pairing gives a homomorphism
and therefore, the section s ∈ H 0 (−K S ) in (3.1) yields a homomorphism
H (S, C, P ). Let C = F (E). It follows that K S | C is trivial, and hence s ∈ H 0 (S, Hom(K S , O S )) induces an isomorphism
−→ E which in turn shows that σ 1 and σ 2 in (4.2) are isomorphisms. Therefore, σ is also an isomorphism.
Symplectic subspace
A Poisson structure on a vector space T is simply a skew-symmetric homomorphism σ : T * −→ T . Given such a σ, there is a unique subspace T 0 of T such that σ factors as T * ։ T * 0 σ −→ T 0 ֒→ T and satisfies the condition that σ is an isomorphism. In fact, T 0 = σ(T * ). The inverse isomorphism σ −1 : T 0 −→ T * 0 defines a symplectic structure on the subspace T 0 .
Definition 4.1. The symplectic subspace of a Poisson structure (T, σ) is the subspace T 0 endowed with the symplectic structure σ −1 .
The moduli space M H (S, P ) of stable sheaves defined earlier is smooth. Indeed, the obstruction space is Ext 2 (E, E) 0 , namely the traceless part of the Ext group Ext 2 (E, E). This Ext 2 (E, E) 0 is Serre dual to Hom(E, E ⊗ K S ). The nonzero section s ∈ H 0 (S, −K S ) provides an injection Hom(E, E ⊗ K S ) ⊂ Hom(E, E) = C (recall that a stable sheaf E is simple). Therefore, we have Ext 2 (E, E) 0 = 0, proving that the moduli space is smooth. The tangent space T E M H (S, P ) is Ext 1 (E, E).
The following proposition describes the symplectic subspace associated to the Poisson structure σ, defined by Tyurin, on T E M = Ext 1 (E, E).
2) is the composition of the vertical arrows in the middle column of the above diagram.
Proof. The two following short exact sequences (in (4.2)) are given by the localto-global spectral sequence for Ext, and the homomorphism between these exact sequences is given by the section s ∈ H 0 (S, Hom(K S , O S )):
We note that the above sequences are exact on the right because the next term is H 2 (Hom(E, E)), and H 2 (Hom(E, E)) vanishes since the support of E is onedimensional. The long exact sequence of cohomologies associated to the short exact sequence of sheaves
shows that σ 2 in (4.2) is injective and σ 1 is surjective (here we use that F (E) D is zero-dimensional). Therefore, the commutative diagram in (4.2) has a factorization as in the statement of the proposition.
Symplectic leaves
Let E be a pure sheaf corresponding to a point in the moduli space M = M H (S, C, P ). Recall from Section 2 that the 0-th Fitting ideal sheaf
of E defines a sub-scheme F (E) ⊂ S. The Hilbert polynomial of F (E) ⊂ S depends only on the Hilbert polynomial of E. Let Q denote the Hilbert scheme of sub-schemes of S with Hilbert polynomial that of F (E). The above construction defines a morphism
It may be mentioned that this is analogous to the Hitchin map for Higgs bundles. Recall that a Higgs bundle on a curve is equivalent to a pure sheaf on the total space of the cotangent bundle of the curve, and the sub-scheme defined by the 0-th Fitting ideal of this pure sheaf is the spectral curve corresponding to the Higgs bundle.
Let C = F (E) for some H-stable sheaf E. We will assume that C · D = 0. The obstruction space for smoothness, at the point C, of the Hilbert scheme Q defined above is Ext
. Therefore, we conclude that the point C of the Hilbert scheme Q is smooth. Let M ′ 0 ⊂ M be the open subset corresponding to sheaves E such that F (E) is a smooth curve C whose intersection with D is zero-dimensional. In other words, M ′ 0 is the pre-image, under f , of the open subset Q 0 of the Hilbert scheme Q corresponding to smooth curves C whose intersection with D is zero-dimensional. Alternatively, M ′ 0 is the open subset corresponding to sheaves of the form
where i : C ֒→ S is a smooth curve intersecting D in a zero-dimensional subscheme, and L is a line bundle on C.
Consider the composition
where
is the restriction of f to M ′ 0 , and g sends a curve C to the subscheme Z = C D of D; the sub-scheme Z is nonzero because we are assuming C · D = 0.
We will prove that the fibers of ϕ 0 are symplectic leaves of the Poisson structure of M ′ 0 , meaning for each point E of M ′ 0 , the tangent space T E ϕ 0 to the fiber of ϕ 0 passing through E is the symplectic subspace of T E M .
The following result is analogous to [Ma, Corollary 8.10] and [Bo1, Theorem 4.7.5 ].
Theorem 5.1. The fibers of the morphism ϕ 0 are symplectic leaves of the Poisson structure of M ′ 0 . Proof. What we need to prove is that the tangent vector subspace
to the fiber of ϕ 0 at E coincides with the subspace T 0 ⊂ Ext 1 (E, E) in (4.1), using
The idea of the proof is to show the following:
• the bottom row of the diagram in (4.1) is identified canonically with the short exact sequence for the tangent spaces given by the morphism f 0 , and • the vertical inclusion on the right column of the diagram in (4.1) is identified with the inclusion of tangent space to the fiber of g.
The fiber of f 0 over a point of Q corresponding to a (smooth) curve C ⊂ S is the Picard variety Pic d (C) of line bundle on C of degree d. The embedding of this fiber on M ′ 0 is given by the morphism
The differential of this morphism ψ C at a point corresponding to a line bundle
Since f 0 is a smooth morphism (note that E is a smooth point of M H (S, P ) and the fiber of f containing E is the Picard variety Pic d (C)), we have a short exact sequence relating the tangent bundles of M ′ 0 and
(5.1) Using the following canonical isomorphisms
the differential df 0 | E is identified with the first map in the short exact sequence coming from the local-to-global spectral sequence for Ext, that is df 0 | E = i E,E in (4.2). Therefore, the sequence in (5.1) is identified with the local-to-global exact sequence (bottom row of diagram (4.1)). The quotients of both sequences are identified by the canonical isomorphisms
where N C/S is the normal bundle of C in S, and
so that H 0 (S, Ext 1 (E, E)) = H 0 (N C/S ) .
The term at the top right of (4.1) is canonically identified as
This is the subspace of H 0 (N C/S ) = T C Q 0 corresponding to deformations of C which fix the intersection C ∩ D =: Z, i.e., the tangent space T C g to the fiber of g containing C. Therefore, the commutative diagram
is identified with the bottom two rows of the diagram in (4.1), and then T E ϕ 0 = T 0 .
